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Angle C a l c u l a t i o n s  f o r  3-  and 4-Circle 

X-ray and Neutron Diffractometers* 

by William R. Busing and Henr i  A.  Levy 

Chemistry D i v i s i o n ,  Oak Ridge N a t i o n a l  Labora tory ,  
Oak Ridge, Tennessee 37830 

ABSTRACT 

Methods a r e  d e r i v e d  f o r  c a l c u l a t i o n s  u s e f u l  i n  t h e  

o p e r a t i o n  of 3-  and 4-circle x-ray or  neut ron  s i n g l e - c r y s t a l  

d i f f r a c t o m e t e r s .  These inc lude :  (1) e s t a b l i s h i n g  t h e  sample 

o r i e n t a t i o n  from t h e  c e l l  parameters  and t h e  observed a n g l e s  

f o r  t w o  r e f l e c t i o n s ,  o r  from t h e  observed a n g l e s  f o r  three 

r e f l e c t i o n s  o n l y ,  ( 2 )  c a l c u l a t i n g  t h e  a n g l e s  f o r  obse rv ing  

a g iven  r e f l e c t i o n  e i ther  i n  a s p e c i a l  s e t t i n g  o r  a t  a 

s p e c i f i e d  az imutha l  a n g l e ,  ( 3 )  o b t a i n i n g  t h e  v e c t o r s  needed 

f o r  c a l c u l a t i n g  a b s o r p t i o n  c o r r e c t i o n s ,  and (4) us ing  obse r -  

v a t i o n s  of s e v e r a l  r e f l e c t i o n s  t o  r e f i n e  c e l l  and o r i e n t a -  

t i o n  parameters  by t h e  method of l e a s t  squa res .  Algorithms 

f o r  many of t h e  procedures  a r e  p r e s e n t e d  i n  an appendix.  

*Research sponsored by t h e  U.  S. A t o m i c  Energy Commission 
under c o n t r a c t  w i t h  t h e  Union Carb ide  Corpora t ion .  
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I t  appea r s  t h a t  3 -  and 4 - c i r c l e  x-ray or n e u t r o n  

d i f f r a c t o m e t e r s  w i l l  be used i n c r e a s i n g l y  i n  t h e  n e x t  few 

years .  For t h i s  r e a s o n  it  seems d e s i r a b l e  t o  p r e s e n t  i n  a 

compact way some mathematical  p rocedures  which can  be used 

w i t h  these i n s t r u m e n t s  t o  e s t a b l i s h  sample o r i e n t a t i o n  and 

t o  c a l c u l a t e  s e t t i n g  a n g l e s .  A l l  of t h e  t echn iques  d e s c r i b e d  

here have been tested and found u s e f u l  i n  ou r  work w i t h  t h e  

Oak Ridge au tomat i c  3 - c i r c l e  neu t ron  d i f f r a c t o m e t e r  (Busing, 

Smith,  P e t e r s o n  8~ Levy, 1964) and t h e  Oak Ridge computer- 

c o n t r o l l e d  4-circle x-ray d i f f r a c t o m e t e r  (Busing,  E l l i s o n  & 

Levy, 1965) .  Some of these c a l c u l a t i o n s  have been d i s c u s s e d  

i n  a less g e n e r a l  way by others  (Furnas  & Harker ,  1955; 

Arndt & P h i l l i p s ,  1957; W i l l i s ,  1961; San to ro  & Zocchi ,  1964; 

Wooster, 1964; R o l l e t t ,  1 9 6 5 ) .  

C a l c u l a t i o n s  of t h i s  t y p e  w i l l  a lmost  c e r t a i n l y  be per -  

formed by means of a high-speed computer, and a l g o r i t h m s  f o r  

many of t h e  procedures  a r e  p r e s e n t e d  i n  t h e  Appendix u s i n g  

t h e  Algol  6 0  language.  Mat r ix  a r i t h m e t i c  is used e x t e n s i v e l y  

because t h e  e x p r e s s i o n s  i n  expanded form would o f t e n  be t o o  

cumbersome t o  be u s e f u l .  

DEFINITION OF DIFFRACTOMETER ANGLES 

The in s t rumen t  arrangement which w e  w i l l  t a k e  as  s t a n d a r d  

is i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g .  l a ,  which shows t h e  

in s t rumen t  a x i s  a s  v e r t i c a l .  P e r p e n d i c u l a r  t o  t h i s  a x i s  and 

p a s s i n g  through t h e  ins t rument  c e n t e r  is a h o r i z o n t a l  p l a n e .  

. 
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The primary beam l i e s  i n  t h i s  h o r i z o n t a l  p l a n e  and is 

directed a t  t h e  sample which is l o c a t e d  a t  t h e  in s t rumen t  

c e n t e r .  T h e  coun te r  a l s o  lies i n  t h e  h o r i z o n t a l  p l a n e  and 

r o t a t e s  about  t h e  ins t rument  a x i s  t o  make an a n g l e  20 w i t h  

t h e  primary beam d i r e c t i o n .  T h e  ins t rument  a n g l e s  may be 

a d j u s t e d  so t h a t  a d i f f r a c t e d  beam is h o r i z o n t a l  and e n t e r s  

t h e  c e n t e r  of t h e  c o u n t e r .  

Moving t h e  coun te r  th rough an a n g l e  of 28 causes  t h e  

c r y s t a l  o r i e n t e r  and sample t o  t u r n  through an ang le  of 8 

about  t h e  v e r t i c a l  a x i s .  The  o r i e n t e r  may a l s o  be r o t a t e d  

independent ly  through an a d d i t i o n a l  ang le  w about  t h e  same 

a x i s .  

p l a n e  is p o s i t i o n e d  t o  make an a n g l e  of 0 + w w i t h  t h e  

pr imary beam d i r e c t i o n .  The r e f l e c t i n g - p l a n e  normal 

( s c a t t e r i n g  v e c t o r ) ,  which b i s e c t s  t h e  ang le  between t h e  

d i f f r a c t e d  beam and t h e  r e v e r s e  primary beam, t h u s  makes an 

a n g l e  of w w i t h  t h e  p l ane  of t h e  ,$ r i n g .  

I n  t h i s  way t h e  $ a x i s  which l i e s  i n  t h e  h o r i z o n t a l  

The Q, s h a f t  is suppor ted  from t h e  % r i n g  which p e r m i t s  

t h e  Q, a x i s  t o  be set a t  an a n g l e  $ from t h e  v e r t i c a l  i n s t r u -  

ment a x i s .  T h e  sample is assumed t o  be r i g i d l y  a t t a c h e d  t o  

t h e  Q, s h a f t  so t h a t  it can be tu rned  about  t h i s  a x i s .  

The d i f f r a c t o m e t e r  w i t h  a l l  a n g l e s  set  t o  z e r o  is shown 

s c h e m a t i c a l l y  i n  F i g .  l b .  

d e f i n e d  by F i g .  l a ,  which shows t h e  ins t rument  wi th  t h e s e  

a n g l e s  i n  t h e  first quadran t .  The  z e r o  p o s i t i o n  f o r  Q, is 

chosen a r b i t r a r i l y ,  and t h e  f i g u r e  shows t h e  d i r e c t i o n  of 

r o t a t i o n  which i n c r e a s e s  t h i s  ang le .  

The s e n s e s  of 8 ,  28, w, and $ a r e  
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Also shown i n  F i g .  l a  is t h e  a n g l e  q which measures 

t h e  r o t a t i o n  of t h e  sample about  t h e  normal t o  t h e  r e f l e c t i n g  

p l a n e  of i n t e r e s t .  With t h i s  t y p e  of d i f f r a c t o m e t e r  $ motion 

is achieved  not  by t h e  r o t a t i o n  of a s i n g l e  s h a f t  b u t  rather 

a s  t h e  r e s u l t  of a combinat ion of changes i n  w ,  $, and 

The cho ice  of zero f o r  w i l l  be  d i s c u s s e d  below. 

These d e f i n i t i o n s  w i l l  be assumed throughout  t h i s  pape r ,  

b u t  t h e  r e s u l t s  can be a p p l i e d  t o  i n s t r u m e n t s  w i t h  o ther  con- 

v e n t i o n s  by making t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n s .  The 

3 - c i r c l e  d i f f r a c t o m e t e r  can  u s u a l l y  be regarded  a s  a s p e c i a l  

case for which w is c o n s t r a i n e d  t o  be z e r o .  

COORDINATE TRANSFORMAT IONS 

L e t  be t h e  column v e c t o r  d e s c r i b i n g  some p h y s i c a l  

v e c t o r  4. v i n  t e r m s  of t h e  r ight-handed r e c i p r o c a l  l a t t i c e  

v e c t o r s  b .  so  t h a t  
- 
=1 

3 

I t  w i l l  be convenient  t o  d e f i n e  s e v e r a l  s y s t e m s  of r i g h t -  

handed C a r t e s i a n  axes  which may a l s o  be used t o  d e s c r i b e  x. 
L e t  zc be t h e  d e s c r i p t i o n  i n  t e r m s  of t h e  c r y s t a l  

- 

C a r t e s i a n  axes  which a r e  a t t a c h e d  i n  some way t o  t h e  

r e c i p r o c a l  l a t t i ce .  If w e  choose t h e  x -ax i s  p a r a l l e l  t o  

b , t h e  y -ax i s  i n  t h e  p l ane  of g1 and I&, and t h e  z - a x i s  =l 
p e r p e n d i c u l a r  t o  t h a t  p l a n e ,  t h e n  
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v =  5c E x 
where 

B =  
5 

Here t h e  

\" 0 l / a 3  
/ 

( 3 )  

a ' s  and a i ' s  and t h e  b i ' s  and P i ' s  a r e  t h e  direct  i 
and r e c i p r o c a l  l a t t i c e  parameters ,  r e s p e c t i v e l y .  T h i s  

e x p r e s s i o n  is r e l a t e d  t o  t r a n s f o r m a t i o n s  d i s c u s s e d  by 

P a t t e r s o n  (1959a) and by R o l l e t t  (1965) ,  and a l though our  

c r y s t a l  C a r t e s i a n  s y s t e m  is d i f f e r e n t  from t h o s e  chosen by 

these a u t h o r s ,  no th ing  i n  t h i s  paper  excep t  t h e  above 

e x p r e s s i o n  f o r  m a t r i x  depends upon t h i s  cho ice .  The 

a lgo r i thm g e n e r a t e  B g iven  i n  t h e  Appendix produces t h i s  

m a t r i x  from t h e  d i rec t  ce l l  parameters .  

L e t  t h e  $-axis  s y s t e m  be a set of C a r t e s i a n  axes  

r i g i d l y  a t t a c h e d  t o  t h e  $I s h a f t  of t h e  in s t rumen t .  When a l l  

i n s t rumen t  a n g l e s  a r e  set t o  zero t h i s  s y s t e m  has  t h e  o r i e n -  

t a t i o n  shown i n  F ig .  l b  w i t h  t h e  x-axis  along the s c a t t e r i n g  

v e c t o r ,  t h e  y-ax is  i n  t h e  d i r e c t i o n  of t h e  primary beam, and 

t h e  z -ax i s  i n  t h e  v e r t i c a l  i n s t rumen t -ax i s  d i r e c t i o n .  

L e t  c U be t h e  o r thogona l  m a t r i x  which r e l a t e s  t h i s  $ -ax is  

system t o  t h e  c r y s t a l  C a r t e s i a n  s y s t e m  so t h a t  

L U w i l l  be  called t h e  o r i e n t a t i o n  ma t r ix  s i n c e  i t  depends on 

t h e  way i n  which t h e  c r y s t a l  has been mounted and a l s o  on t h e  
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a r c  s e t t i n g s  if a goniometer head is used.  

d e r i v e d  f o r  c e r t a i n  s p e c i a l  o r i e n t a t i o n s ,  and i n  l a t e r  

s e c t i o n s  w e  w i l l  c o n s i d e r  g e n e r a l  ways of o b t a i n i n g  !. 

2 may r e a d i l y  be 

I n  a s i m i l a r  way l e t  us d e f i n e  three more C a r t e s i a n  

s y s t e m s  a t t a c h e d  t o  t h e  $, w ,  and fj axes ,  r e s p e c t i v e l y ,  and 

c o i n c i d e n t  w i th  t h e  $-ax is  s y s t e m  when 

a r e  zero. The v e c t o r  - v is t ransformed 
.c 

fo l lows :  

where 

@ =  
5 

x =  
c 

and 

R.= 5 

cos$ s i n $  0 

a l l  i n s t rumen t  a n g l e s  

to  these systems a s  

cosw sinw 0 

[s;nw c;sw ;) 

. 

(8) 

( 9 )  

(10) 

F i n a l l y  le t  us d e f i n e  a l a b o r a t o r y  s y s t e m  f i x e d  wi th  

r e s p e c t  t o  t h e  pr imary beam and a 28-axis  s y s t e m  a t t a c h e d  t o  

t h e  c o u n t e r  s h a f t .  Again these C a r t e s i a n  a x e s  w i l l  be chosen 
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t o  c o i n c i d e  w i t h  t h e  $-ax is  s y s t e m  when a l l  t h e  ins t rument  

a n g l e s  a r e  zero. 

a s  fo l lows :  

A v e c t o r  v is t ransformed t o  t h e s e  s y s t e m s  
-c. - 

where 

1 ( c o s e  s i n e  o 

cosV s i n U  0 

N = 8 fl= 
5 4.-  

w i t h  2/ = w + 8 ,  

and 

wi th  p = w - 6. 
A l l  a n g l e s  excep t  can be cons ide red  t o  be l e f t -  

handed r o t a t i o n s  about  t h e i r  r e s p e c t i v e  axes .  

(14) 

BASIC DIFFRACTOMETER EQUATIONS 

Throughout t h i s  paper  w e  w i l l  assume t h e  f o l l o w i n g  i d e a l  

c o n d i t i o n s :  a p e r f e c t  d i f f r a c t o m e t e r ,  a c e n t e r e d  p o i n t  

sample w i t h  no mosaic s p r e a d ,  and a p o i n t  sou rce  of mono- 

chromat ic  r a d i a t i o n .  The d e v i a t i o n s  from these assumptions 
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. 

which a r e  found i n  p r a c t i c e  u s u a l l y  do no t  i n v a l i d a t e  t h e  

c a l c u l a t i o n s  t o  be d e s c r i b e d .  One e x c e p t i o n  is t h e  p re sence  

of  t h e  cu-doublet i n  t h e  x-ray spectrum, t h e  e f f e c t  of which 

w i l l  be mentioned i n  t h e  s e c t i o n  on l e a s t - s q u a r e s  r e f inemen t .  

To  observe  a r e f l e c t i o n  i n  t h e  i d e a l  d i f f r a c t o m e t e r  

s e t t i n g  shown i n  F i g .  l a  it is  necessa ry  f o r  8 t o  s a t i s f y  t h e  

Bragg e q u a t i o n  and f o r  t h e  p l a n e  normal t o  l i e  a long  t h e  

x -ax i s  of t h e  8 c o o r d i n a t e  s y s t e m .  I f  h ,  k, and 1 a r e  t h e  

i n d i c e s  of t h e  r e f l e c t i n g  p l ane  t h e n  t h e  cor responding  column 

v e c t o r  i n  t h e  r e c i p r o c a l  l a t t i c e  system is 

The l e n g t h  q of t h i s  v e c t o r  which is t h e  r e c i p r o c a l  of t h e  

i n t e r p l a n a r  spac ing  i n  Angstrom u n i t s  is r e a d i l y  found from 

its components i n  any one of ou r  C a r t e s i a n  s y s t e m s .  For 

example 

2 2 2 )  1 / 2  
q = ( h c l  + hc2 + hc3 

h = E & .  -c where 

The Bragg e q u a t i o n  is t h e n  

s i n  e = Xq/2. 

The p l ane  normal w i l l  have t h e  d e s i r e d  d i r e c t i o n  if 

(17) 

(18) 

. 
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has t h e  form 

Equat ions  ( 1 7 )  t o  (20) can be regarded  a s  t h e  fundamental  

e q u a t i o n s  f o r  t h i s  d i f f r a c t o m e t e r .  

EVALUATING THE ORIENTATION MATRIX 

We w i l l  now show how t h e  o r i e n t a t i o n  m a t r i x  can be 

o b t a i n e d  from t h e  o b s e r v a t i o n  of t w o  r e f l e c t i o n s  from 

n o n - p a r a l l e l  p l a n e s  of known i n d i c e s  provided t h a t  t h e  ce l l  

parameters  a r e  known. 

w e  w i l l  c a l l  these t w o  r e f l e c t i o n s  t h e  primary and secondary 

o r i e n t i n g  r e f l e c t i o n s .  

r e s p e c t i v e l y .  

For r e a s o n s  which w i l l  become apparent  

L e t  t h e i r  i n d i c e s  be g1 and g2, 

From t h e  o b s e r v a t i o n  of t h e  ins t rument  a n g l e s  w ,  $, 
and $ which center t h e  d i f f r a c t e d  beam i n  t h e  coun te r  w e  

can  o b t a i n  u t h e  d e s c r i p t i o n  i n  t h e  $-ax is  s y s t e m  of a 

u n i t  v e c t o r  which has  t h e  d i r e c t i o n  of t h e  p l a n e  normal: 
-$ ’ 

or i n  expanded form: 

.. 
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cosw c o s %  cos+ - sinw s i n $  

cosw c o s  % s i n +  + sinw cos+ = i  cosw s i n $  
% 

I n  t h i s  way two u n i t  v e c t o r s  u 

t h e  observed a n g l e s  of t h e  primary and secondary o r i e n t i n g  

r e f l e c t i o n s ,  r e s p e c t i v e l y .  

and u can  be o b t a i n e d  from 
-2+ 

Since  t h e  i n d i c e s  and ce l l  parameters  are known w e  can  

c a l c u l a t e  t h e  s c a t t e r i n g  v e c t o r s  i n  t h e  c r y s t a l  C a r t e s i a n  

s y s t e m :  

I d e a l l y  t h e  d e s i r e d  ma t r ix  2 should  perform t h e  t r a n s f o r -  

mat i o n s  

h =  -10 l! klc 
and 

h =  -2+ !! e 2 c  

(24) li 
so  t h a t  t h e  c a l c u l a t e d  h and h have the d i r e c t i o n s  of 

t h e  observed u and g2+, r e s p e c t i v e l y .  However, because 

of expe r imen ta l  errors i n  t h e  a n g l e  measurements or uncer-  

t a i n t i e s  i n  t h e  c e l l  parameters ,  it is n o t  i n  g e n e r a l  possible 

-I@ -2e 

-10 

t o  f i n d  an o r t h o g o n a l  m a t r i x  which sat isf ies  b o t h  c o n d i t i o n s .  

Tha t  is t o  s a y ,  t h e  ang le  subtended by 

g e n e r a l  d i f f e r  from t h a t  subtended by -1+ u and 329' 

and kZc may in 
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I n  o r d e r  t o  avoid  t h i s  d i f f i c u l t y  w e  w i l l  r e q u i r e  t h a t  

be p a r a l l e l  t o  u a s  be fo re ,  bu t  h w i l l  o n l y  be con- 
&l$ -I$ +$ 
s t r a i n e d  t o  l i e  i n  t h e  p l a n e  of u 

pr imary r e f l e c t i o n  de te rmines  t h e  d i r e c t i o n  of a v e c t o r  i n  

t h e  c r y s t a l ,  and t h e  secondary r e f l e c t i o n  e s t a b l i s h e s  an 

a n g l e  of r o t a t i o n  about  t h i s  a x i s .  

and U2$’ Thus t h e  

Define a r ight-handed o r thogona l  u n i t - v e c t o r  t r i p l e ,  

t t t i n  t h e  c r y s t a l  C a r t e s i a n  s y s t e m  so t h a t  -tic -1c’ -2c’ -3c’ 

t -2c is p a r a l l e l  t o  hlC, 
and &c is p e r p e n d i c u l a r  t o  t h i s  p l ane .  

t r i p l e ,  L l $ 9  4 4 ’  t -3$9 t 
same way on u Then, s i n c e  t h e s e  two u n i t  v e c t o r  

t r i p l e s  can be e x a c t l y  superimposed on each  other ,  t h e  

d e s i r e d  o r thogona l  m a t r i x  w i l l  s a t i s f y  e x a c t l y  t h e  e q u a t i o n s  

l i es  i n  t h e  p l a n e  of klC and hZc, 
Def ine  ano the r  such  

i n  t h e  $-ax is  s y s t e m  based i n  t h e  

-10 and Liz$* 

t =  ,V Lnc; n = 1 , 2 , 3 .  (25) -0 
These three v e c t o r  e q u a t i o n s  can be w r i t t e n  a s  one ma t r ix  

e q u a t i o n  

where II], is t h e  

T is s i m i l a r l y  
-$ 

s i n c e  T can be -c 

T -@ 

m a t r i x  w i t h  

c o n s t r u c t e d  

= U T  (26) - -c 

c 

U = T T - ’ = T T  - *-c -$-c 

shown t o  be o r thogona l .  

( 2 7 )  

The procedure  f o r  o b t a i n i n g  5 U i n  t h i s  way is a p a r t  
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of t h e  a lgo r i thm g e n e r a t e  UB g iven  i n  the Appendix. The 

a l g o r i t h m s  t r i p l e  and normal d e s c r i b e  o t h e r  d e t a i l s  of t h e  

c a l c u l a t i o n .  

A PROCEDURE FOR USE WHEN THE LATTICE 

PARAMETERS ARE UNKNOWN 

When t h e  u n i t  c e l l p a r a m e t e r s  are unknown it is s t i l l  

p o s s i b l e  t o  o b t a i n  t h e  m a t r i x  i f  t h e  s e t t i n g  a n g l e s  can 

be observed f o r  t h r e e  r e f l e c t i o n s  wi th  known (or assumed) 

i n d i c e s .  Given 20i ,  wi ,  ti, and $i f o r  r e f l e c t i o n  i, w e  

can  compute t h e  s c a t t e r i n g  v e c t o r  i n  t h e  p h i - a x i s  s y s t e m :  

is o b t a i n e d  us ing  e q u a t i o n  ( 2 2 ) .  For each  of t h e  
where ?i$ 
three r e f l e c t i o n s  t h e  m a t r i x  E must perform t h e  t r a n s f o r -  

mat ion 

where l~~ is t h e  v e c t o r  of i n d i c e s .  Then i f  H is a m a t r i x  

and i f  H is 
-$ 

made up of t h e  three column v e c t o r s  hie, - 
s i m i l a r l y  c o n s t r u c t e d  from hi, w e  have 

and 

= U B H  E$ - 1 1  

U B = H  E-'. 
-$ 5 1  

(30) 

(31) 

The r e f l e c t i o n s  chosen must cor respond t o  r e c i p r o c a l  
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. 

l a t t i c e  v e c t o r s  which a r e  no t  cop lana r  or t h e  m a t r i x  w i l l  

be s i n g u l a r .  The i n d i c e s  should  be a s s igned  so t h a t  t h e  

v e c t o r s  can be d e s c r i b e d  w i t h  r e f e r e n c e  to  a r ight-handed 

c o o r d i n a t e  s y s t e m ,  and it can be shown t h a t  t h e  de te rminant  

IlJ (which  has  an  a b s o l u t e  va lue  e q u a l  t o  t h e  u n i t  c e l l  

volume) w i l l  be p o s i t i v e  i f  and only  i f  t h i s  c o n d i t i o n  is 

m e t .  

Having o b t a i n e d  t h e  m a t r i x  it is p o s s i b l e  t o  d e r i v e  

from i t  t h e  cor responding  cel l  parameters .  L e t  u s  compute t h e  

m a t r i x  

I t  can be shown t h a t  

where G-' 5 is t h e  r e c i p r o c a l  metric t e n s o r  wi th  e lements  

( G - l I i j  = (34) 

Then 5 is t h e  metric t e n s o r  (see, f o r  example, P a t t e r s o n ,  

1 9  5 9 b) w i t h  e lements  

G i j  = a - a  

and t h e  d i r e c t  l a t t i c e  parameters  a r e  g iven  by: 

1/2 a =  i Gii 
and 

(35)  

COSCY = G .  / a . a  i # j # k # i .  J i j k  J k ;  



-14- 

The a l g o r i t h m s  f o r  these c a l c u l a t i o n s  a r e  g i v e n  i n  t h e  

Appendix a s  procedures  g e n e r a t e  UB from three r e f l e c t i o n s  

and compute ce l l  parameters  from UB. 

ANGLE CALCULATIONS FOR SPECIAL CASES 

Once t h e  m a t r i x  UB has been e v a l u a t e d  i t  is p o s s i b l e  
H. 

t o  o b t a i n  

( 3 7 )  

for any set of i n d i c e s  by and ways of computing in s t rumen t  

a n g l e s  which b r i n g  t h i s  v e c t o r  i n t o  t h e  i d e a l  r e f l e c t i n g  

p o s i t i o n  w i l l  now be d i s c u s s e d .  With a f o u r - c i r c l e  i n s t r u -  

ment t h i s  r e f l e c t i n g  c o n d i t i o n  can  be e s t a b l i s h e d  i n  an 

un l imi t ed  number of ways cor responding  t o  v a r i o u s  v a l u e s  

of qy  t h e  a n g l e  of r o t a t i o n  of t h e  sample about  t h e  s c a t t e r -  

i n g  v e c t o r .  I t  w i l l  be u s e f u l  t o  c o n s i d e r  t w o  s p e c i a l  cases 

i n  which one of t h e  ins t rument  a n g l e s  is f i x e d  a t  a con- 

v e n i e n t  v a l u e .  

F i r s t  l e t  u s  c o n s i d e r  t h e  b i s e c t i n g  p o s i t i o n  i n  which 

w is c o n s t r a i n e d  t o  be z e r o  so t h a t  t h e  p l a n e  of t h e  # r i n g  

bisects t h e  a n g l e  d e f i n e d  by t h e  r e v e r s e  pr imary and d i f -  

f r a c t e d  beams. T h i s  arrangement p e r m i t s  a c c e s s  t o  a l l  

r e f l e c t i o n s  w i t h  6 below an upper l i m i t ,  and it is t h e  o n l y  

p o s i t  ion  a v a i l a b l e  w i t h  m o s t  three-circle i n s t r u m e n t s .  

Assume t h a t  t h e  d i f f r a c t o m e t e r  i n i t i a l l y  h a s  a l l  a n g l e s  

se t  t o  z e r o .  The v e c t o r  h can be brought  t o  t h e  s c a t t e r i n g  3 
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p o s i t i o n  by f i r s t  r o t a t i n g  $ t o  b r i n g  it i n t o  t h e  p l ane  of 

t h e  

p l a n e .  The r e q u i r e d  ang le  changes a r e  

$ r i n g  and t h e n  changing $ t o  b r i n g  it  t o  t h e  h o r i z o n t a l  

and 

. 
I n  t h e  above e q u a t i o n s  and throughout  t h i s  paper  t h e  

e x p r e s s i o n  

(Y = a t a n  ( y , x )  ( 3 9 )  

d e f i n e s  an ang le  (Y = a r c  t a n  (y/x) i n  t h e  quadrant  f o r  which 

t h e  s i g n s  of s i n a  and cos@ a r e  t h o s e  of y and x ,  r e s p e c t i v e l y .  

An a lgo r i thm f o r  e v a l u a t i n g  t h e  a r c  t angen t  i n  t h i s  way is 

g iven  i n  t h e  Appendix a s  procedure  a t a n .  

The e x p r e s s i o n s  g iven  above y i e l d  a n g l e s  wi th  

-90° 6 % < 90° because t h e  squa re  root is t aken  a s  p o s i t i v e .  

An a l t e r n a t i v e  s e t t i n g  

9' = 180° + $ 

$ = 180° - $  } (40) 
corresponds  t o  a r o t a t i o n  of 180° about  t h e  s c a t t e r i n g  v e c t o r  

($'  = 180' + $1. 

I n  t h e  b i s e c t i n g  p o s i t i o n  t h e  Bragg ang le  which can be 

r eached  may be l i m i t e d  by t h e  f a c t  t h a t  t h e  

between t h e  c o u n t e r  and t h e  source. I n  t h e  p a r a l l e l  p o s i t i o n  

$ r i n g  l i es  
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w is al lowed t o  t a k e  v a l u e s  which t u r n  t h e  $ r i n g  p a s t  t h e  

c o u n t e r  so  t h a t  i t s  p l a n e  is more o r  less p a r a l l e l  t o  t h e  

r e f l e c t i n g  p l a n e .  Usual ly  t h e  g r e a t e s t  range  can  be o b t a i n e d  

by  c o n s t r a i n i n g  % t o  be 90°. 

Consider  t h e  ins t rument  w i t h #  = 90° and t h e  o ther  a n g l e s  

se t  t o  zero. The v e c t o r  h can be brought  i n t o  t h e  h o r i z o n t a l  

p l a n e  by r o t a t i n g  $ and it  can t h e n  be brought  t o  t h e  s c a t t e r -  

i n g  p o s i t i o n  by changing w .  The e x p r e s s i o n s  f o r  t h e s e  a n g l e s  

a r e  

v$ 

and 

Compared t o  t h e  b i s e c t i n g  p o s i t i o n  t h e s e  s e t t i n g s  cor respond 

t o  a 90° r o t a t i o n  about  t h e  s c a t t e r i n g  v e c t o r .  

R e f l e c t i o n s  w i t h  v e c t o r s  n e a r l y  p a r a l l e l  t o  t h e  4) a x i s  

a r e  i n a c c e s s i b l e  i n  t h i s  arrangement because of i n t e r f e r e n c e  

between t h e  $ r i n g  and t h e  c o u n t e r  o r  pr imary beam. The 

apex a n g l e s  of t h e  cones  which a r e  l o s t  become l a r g e  a t  low 

Bragg a n g l e s .  Three  a l t e r n a t i v e  s e t t i n g s  a r e  a v a i l a b l e :  

F 
180° + $ 180° + $ 

9 Oo -90° 

180' + $ 

180° - w 

180° + $ 

180° + $ 

-90° 

180° + $ 

-90° 

180° + GI 

. 
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b u t  t h e  use  of t h e s e  may no t  reduce  t h e  amount of i n t e r -  

f e r e n c e  s i g n i f i c a n t l y .  

Algori thms f o r  making t h e s e  c a l c u l a t i o n s  a r e  g iven  i n  

t h e  Appendix as  procedures  a n g l e s  f o r  b i s e c t i n g  p o s i t i o n  

and a n g l e s  f o r  p a r a l l e l  p o s i t i o n .  

ANGLES FOR A SPECIFIED AZIMUTH 

We w i l l  now c o n s i d e r  t h e  problem of computing t h e  d i f -  

f r a c t o m e t e r  s e t t i n g s  for some s p e c i f i e d  v a l u e  of t h e  az imutha l  

a n g l e ,  q .  L e t  u s  d e f i n e  an ins t rument -angle  ma t r ix  

which t r ans fo rms  a v e c t o r  from t h e  $-ax is  s y s t e m  t o  t h e  

8 -ax i s  s y s t e m .  For  t h e  v e c t o r  t o  be i n  t h e  s c a t t e r i n g  

p o s i t i o n  w e  must have 

Choose some d i f f r a c t o m e t e r  s e t t i n g  which s a t i s f i e s  t h i s  

c o n d i t i o n  and d e f i n e  $ = 0 f o r  t h i s  c o n f i g u r a t i o n .  We can 

t h e n  e v a l u a t e  

I n  o r d e r  t o  r o t a t e  t h e  sample about  t h e  r e f l e c t i n g - p l a n e  

normal through an ang le  $ measured from t h i s  zero p o s i t i o n  
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w e  g e n e r a t e  a new m a t r i x  

5 R = g &  (45)  

where 

0 

5 

- s in$  cos$ 

(46) 

The problem t h e n  is t o  e x t r a c t  from t h i s  o r t h o g o n a l  m a t r i x  

c R t h e  v a l u e s  of t h e  ins t rument  a n g l e s  w, $, and $ t o  which 

i t  cor responds .  

Expanding e q u a t i o n  (42) w e  have: 

and w e  see t h a t  

% = a t a n  ( R ~ ~  L 2  
and 

coswcos$sin$+sinwcos$ 

-sinwcos$sin$+coswcosqj - s inus in% 

- s i n , s i n $  

(47) 

w = a t a n  (R13,-R ) . 23 

(The more obvious  e x p r e s s i o n ,  % =  a r c  cos R33, is n o t  used 

because round-off could  cause  e x c e s s i v e  errors i n  71 when 

1.) By t a k i n g  t h e  p o s i t i v e  squa re  r o o t  i n  t h e  - +  
R33 - - 
e x p r e s s i o n  for %, w e  a r e  choosing s i n $  > 0 so  t h a t  

0 < $  6 180°. An e q u a l l y  v a l i d  s o l u t i o n  f o r  t h e  same v a l u e  
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o f  4~ is 

. 

$! = -$ 
$' = 180° + $ 

w' = 180° + w .  

I n  p r a c t i c e  it is u s u a l l y  t h e  range  of w which is l i m i t e d  by 

t h e  mechanics of t h e  in s t rumen t .  The procedure  should  be t o  

compute a n g l e s  u s i n g  e q u a t i o n s  (481, test  w ,  and make t h e  

t r a n s f o r m a t i o n s  ( 4 9 )  i f  it is  o u t  of r ange .  I f  bo th  s o l u t i o n s  

are o u t  of range  t h e n  t h e  s p e c i f i e d  v a l u e  of $ is no t  

a c c e s s i b l e  f o r  t h i s  r e f l e c t i o n .  
+ + A s i n g u l a r  c a s e  o c c u r s  i f  R 3 3  = - 1. Then COS%. = - 1, 

s i n %  = 0,and t h e  m a t r i x  becomes 

0 21) 

Thus t h e  w and $ motions have become redundant ,  and t h i s  can 

e a s i l y  be understood i n  t e r m s  of t h e  ins t rument  geometry when 

$ is zero o r  180°. I t  can be shown t h a t  t h e  c o n t i n u i t y  of 

a n  az imutha l  s can  can  best be a t t a i n e d  by s e l e c t i n g  w = 90° 

f o r  t h i s  s i n g u l a r  c a s e .  T h e  m a t r i x  t h e n  becomes 

- s in$  cos$ 

+cos$ k i n $  

and w e  have 
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@ = a t a n  (-Rll,R12) 

and 

w = 90'. 

The t r a n s f o r m a t i o n s  (49 )  a r e  s t i l l  v a l i d  f o r  t h i s  s i n g u l a r  

c a s e .  

Now l e t  us  c o n s i d e r  i n  more d e t a i l  t h e  choice of t h e  

ins t rument  s e t t i n g  a t  which w e  d e f i n e  $ t o  be z e r o .  W e  

cou ld ,  f o r  example, use  t h e  b i s e c t i n g  p o s i t i o n  a s  a r e f e r e n c e ,  

and then  w e  would have 

s i n c e  wo = 0 .  

depending on t h e  sample mounting so t h a t  t h e  d e f i n i t i o n  of 

$ would n o t  i n  g e n e r a l  be comparable f o r  d i f f e r e n t  specimens.  

To overcome t h i s  l i m i t a t i o n  w e  w i l l  d e s c r i b e  a way of d e f i n i n g  

t h e  r e f e r e n c e  p o s i t i o n  i n  terms of t h e  c r y s t a l  l a t t i c e  i t s e l f .  

But t h i s  cho ice  has  t h e  d i sadvan tage  of 

L e t  h be t h e  p l a n e  normal of t h e  r e f l e c t i o n  t o  be 

observed and l e t  u s  s p e c i f y  a r e f e r e n c e  v e c t o r  h which is 

n o t  p a r a l l e l  t o  h.  Then choose a s  t h e  z e r o  of $ t h a t  s e t t i n g  

f o r  which h l i es  i n  t h e  s c a t t e r i n g  d i r e c t i o n  and & l i es  i n  

t h e  h o r i z o n t a l  p l a n e  of t h e  in s t rumen t  on t h e  same s i d e  a s  t h e  

d i f f r a c t e d  b e a m a ( i . e . ,  so t h a t  i n  t h e  8 - a x i s  system its z 

component is zero and i t s  y component is p o s i t i v e ) .  

5- 

9 

r 

c 

The computat ion of $ based on t h i s  d e f i n i t i o n  is 

analogous t o  t h e  d e t e r m i n a t i o n  of JJ d e s c r i b e d  above. 

The  v e c t o r s  
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and 

a r e  f i r s t  e v a l u a t e d .  Then t h e  m a t r i x  T is c o n s t r u c t e d  wi th  

columns e q u a l  t o  -10’ t 

r igh t -handed  o r thogona l  u n i t  vec to r  t r i p l e  d e f i n e d  t o  have 

-$ 
-2(#)’ t and t 3 $ ’  t h e  components of a 

and t t p a r a l l e l  t o  h t i n  t h e  p l a n e  of h and ho$, 
-3 $ -10 -0’ -28 -$ 

p e r p e n d i c u l a r  t o  t h i s  p l ane .  

Now w e  n o t e  t h a t  our  d e f i n i t i o n  of z e r o  r e q u i r e s  t h e  

o r thogona l  matr ix  F& t o  r o t a t e  t h i s  u n i t  v e c t o r  t r i p l e  i n t o  

co inc idence  wi th  t h e  axes  of t h e  6 c o o r d i n a t e  s y s t e m .  The 

m a t r i x  which d e s c r i b e s  t h e s e  axes  i n  t h e  @ - s y s t e m  is j u s t  t h e  

i d e n t i t y  m a t r i x  so t h a t  w e  have 

R T  = 1  -w - 
and 

The a l g o r i t h m  f o r  these c a l c u l a t i o n s  is g iven  i n  t h e  

Appendix a s  t h e  procedure a n g l e s  f o r  s p e c i f i e d  p s i .  

VECTORS FOR CALCULATING ABSORErI‘ION CORRECTIONS 

I n  o r d e r  t o  c a l c u l a t e  a b s o r p t i o n  c o r r e c t i o n s  it is  

g e n e r a l l y  necessary  t o  compute f o r  each r e f l e c t i o n  t h e  

d i r e c t i o n  c o s i n e s  of t h e  d i f f r a c t e d  beam and of t h e  r e v e r s e  

pr imary beam r e f e r r e d  t o  some c o o r d i n a t e  s y s t e m  i n  which t h e  

sample shape  is d e s c r i b e d  ( s e e ,  f o r  example, Busing & Levy, 
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1957) .  The $-axis  s y s t e m  may o f t e n  be a s u i t a b l e  r e f e r e n c e  

s y s t e m ,  and t h e  r e q u i r e d  d i r e c t i o n  c o s i n e s  a r e  j u s t  t h e  

components of t h e  a p p r o p r i a t e  u n i t  v e c t o r s  i n  t h i s  s y s t e m .  

L e t  E and g r e p r e s e n t  u n i t  v e c t o r s  i n  t h e  pr imary and d i f -  

f r a c t e d  beam d i r e c t i o n s ,  r e s p e c t i v e l y ,  s o  t h a t  
- - 

Then t h e  r e q u i r e d  v e c t o r s  a r e  

and 

and expanding we obtain 

(57) 

-% and % where t h e  upper and lower s i g n s  apply  t o  

r e s p e c t i v e l y .  

I f  a sample has  n a t u r a l  f a c e s  it may be p r e f e r a b l e  t o  

r e f e r  i ts  d e s c r i p t i o n  t o  t h e  c r y s t a l  C a r t e s i a n  s y s t e m ,  I n  

t h i s  case t h e  d e s i r e d  v e c t o r s ,  -gc and tic, a r e  r e a d i l y  

o b t a i n e d  by m u l t i p l y i n g  -2 and d by s. 5 

0 -$ 
Algorithms f o r  o b t a i n i n g  t h e s e  v e c t o r s  are inc luded  i n  

t h e  Appendix. 
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REFINEMENT OF LATTICE AND ORIENTATION PARAMETERS 

SO f a r  w e  have e s t a b l i s h e d  t h e  m a t r i x  e i the r  from 

known ce l l  parameters  and o b s e r v a t i o n s  of t w o  r e f l e c t i o n s  

o r  from o b s e r v a t i o n s  of three r e f l e c t i o n s  a lone .  A b e t t e r  

procedure  would be t o  observe  a n g l e s  f o r  s e v e r a l  r e f l e c t i o n s  

and t o  u s e  t h e  method of least  s q u a r e s  t o  r e f i n e  t h e  c e l l  

parameters  and o r i e n t a t i o n  parameters  s imul t aneous ly .  

Computer programs a r e  a v a i l a b l e  (see, f o r  example, Busing 8~ 

Levy, 1 9 6 2 )  which, when g iven  a list of t r i a l  parameters ,  a 

set of o b s e r v a t i o n s ,  and a procedure  f o r  c a l c u l a t i n g  t h e  

q u a n t i t y  comparable wi th  t h e s e  o b s e r v a t i o n s ,  w i l l  r e f i n e  

s p e c i f i e d  parameters  by t h e  method of l e a s t  s q u a r e s .  

A n a l y t i c a l  e x p r e s s i o n s  f o r  t h e  r e q u i r e d  d e r i v a t i v e s  a r e  not  

needed s i n c e  these a r e  computed numer ica l ly .  

The parameter  l ist  i n c l u d e s  t h e  t h r e e  a x i a l  l e n g t h s  and 

three i n t e r a x i a l  a n g l e s  of t h e  d i r e c t  u n i t  c e l l .  I n  some 

c a s e s  t h e s e  w i l l  be s u b j e c t  t o  c o n s t r a i n t s  imposed by t h e  

symmetry  of t h e  c r y s t a l  s y s t e m .  Angles w i t h  f i x e d  v a l u e s  

of 90° or 120°  a r e  s imply no t  v a r i e d  i n  t h e  l e a s t - s q u a r e s  

procedure .  Two or more parameters  can  be c o n s t r a i n e d  t o  be 

e q u a l  by choosing one of them t o  be v a r i e d  and s e t t i n g  t h e  

o thers  e q u a l  t o  it .  S i n c e  numer ica l  d e r i v a t i v e s  a r e  o b t a i n e d  

by r e c a l c u l a t i n g  t h e  f u n c t i o n  a f t e r  adding an increment  t o  

t h e  cor responding  parameter ,  these d e r i v a t i v e s  w i l l  be correct 

i f  t h e  c o n s t r a i n t  is a p p l i e d  immediately a f t e r  each parameter  

is incremented 
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The wavelength may a l s o  be inc luded  i n  t h e  parameter  

l ist  s i n c e  it is n o t  always p r e c i s e l y  known ( e s p e c i a l l y  i n  

neu t ron  d i f f r a c t i o n  work).  I t  is c l e a r ,  however, t h a t  t h e  

wavelength is redundant  wi th  t h e  a x i a l  l e n g t h s  and t h e  f o u r  

of these parameters  cannot  be a d j u s t e d  s imul t aneous ly .  

The sample o r i e n t a t i o n  is r e p r e s e n t e d  i n  t h e  parameter  

list by t h e  s i x  a n g l e s  w19 ,$1, $1, w 2 ,  %2, and $2 f o r  t h e  

primary and secondary o r i e n t i n g  r e f l e c t i o n s .  Only t h r e e  of 

these a n g l e s  can  be v a r i e d ,  however, s i n c e  on ly  three 

pa rame te r s  a r e  r e q u i r e d  t o  d e f i n e  o r i e n t a t i o n .  The v a r i a b l e s  

must i n c l u d e  two a n g l e s  of t h e  pr imary r e f l e c t i o n  chosen t a  

d e f i n e  t h e  d i r e c t i o n  of t h i s  v e c t o r ,  and one a n g l e  of t h e  

secondary r e f l e c t i o n  chosen t o  measure r o t a t i o n  of t h e  sample 

about  t h i s  pr imary v e c t o r .  Acceptab le  sets of v a r i a b l e s  a r e  

l i s ted  i n  T a b l e  I f o r  v a r i o u s  choices of o r i e n t i n g  

r e f l e c t i o n s .  

n e a r  zero and i f  

t h a t  fl, $1, and p 2  o r  w l ,  

v a r i a b l e s .  

For example, i f  w l ,  7 1 1 9  w 2 )  and F 2  a r e  a l l  

and qiz differ by about 90°, then w e  see 

&, and lz a r e  s u i t a b l e  

A f t e r  r e f inemen t ,  t h e  a n g l e s  w l j  lcl, and $1 d e f i n e  t h e  

best e s t i m a t e  of t h e  d i r e c t i o n  of h , and t h e  c a l c u l a t e d  

a n g l e s  f o r  t h i s  r e f l e c t i o n  based on t h e  new pa rame te r s  w i l l  
-1 

correspond e x a c t l y  t o  t h i s  v e c t o r .  The a n g l e s  w 2 ¶  p 2 ¶  and 

G2 no longer  d e f i n e  k2, however, because on ly  one of them h a s  

been v a r i e d .  I n s t e a d  they  r e p r e s e n t  a vector d i r e c t i o n  which 

w i l l  y i e l d  t h e  b e s t  e s t i m a t e  of t h e  o r i e n t a t i o n  m a t r i x  U. 
5 
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C a l c u l a t i o n  of a n g l e s  f o r  l~~ w i l l  c o r r e c t l y  y i e l d  t h e  b e s t  

e s t i m a t e  of a s e t t i n g  f o r  t h i s  r e f l e c t i o n ,  bu t  t h e s e  a n g l e s  

w i l l  g e n e r a l l y  no t  be t h e  same a s  t h e  r e f i n e d  parameters .  

A r e c i p r o c a l  l a t t i c e  vec tor  has  t h r e e  independent  

p r o p e r t i e s  c o n s i s t i n g  of two d i r e c t i o n a l  parameters  and a 

l e n g t h  which is  r e l a t e d  t o  t h e  cor responding  Bragg ang le .  

We w i l l  c o n s i d e r  s i x  ways of obse rv ing  t h e s e  v a r i a b l e s  or 

combinat ions of them, i d e n t i f y i n g  t h e s e  ways a s  o b s e r v a t i o n s  

of t y p e s  1 t o  6 .  For each type  of o b s e r v a t i o n  w e  w i l l  show 

how t h e  cor responding  c a l c u l a t e d  va lue  can  be o b t a i n e d  from 

t h e  known ins t rument  s e t t i n g s  and t h e  assumed t r i a l  

pa rame te r s .  

I n  t h e  c o u r s e  of t h e s e  c a l c u l a t i o n s  it w i l l  be convenient  

t o  d i s t i n g u i s h  t h e  in s t rumen t  d i a l  r e a d i n g s  and t h e i r  m a t r i c e s  

by t h e  s u b s c r i p t  d ( e . g . ,  $d and @ ) s i n c e  these w i l l  no t  i n  

g e n e r a l  be e q u a l  t o  t h e  i d e a l  a n g l e s  used e a r l i e r  i n  t h i s  
-d 

pape r .  S i m i l a r l y ,  c a l c u l a t e d  a n g l e s  and t h e i r  m a t r i c e s  w i l l  

be  i d e n t i f i e d  by t h e  s u b s c r i p t  c .  

Type 1 o b s e r v a t i o n s .  S e v e r a l  ways of measuring t h e  Bragg 

a n g l e  a r e  e s s e n t i a l l y  e q u i v a l e n t  t o  c e n t e r i n g  t h e  d i f f r a c t e d  

beam i n  t h e  c o u n t e r  and u s i n g  t h e  c o u n t e r  ang le ,  Z e d ,  a s  t h e  

o b s e r v a t i o n .  The cor responding  c a l c u l a t e d  q u a n t i t y  is 28, = 

20  where 8 is o b t a i n e d  from t h e  t r i a l  parameters  by means of 

e q u a t i o n s  (17) and ( 1 8 ) .  

Type 2 o b s e r v a t i o n s .  'If t h e  coun te r  a n g l e  is a d j u s t e d  

t o  center t h e  d i f f r a c t e d  beam h o r i z o n t a l l y  i n  t h e  a p e r t u r e ,  
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t h e n  20d may be used a s  an o b s e r v a t i o n  even though t h e  beam 

may no t  be c e n t e r e d  v e r t i c a l l y .  

I n  d e r i v i n g  t h e  cor responding  28, it w i l l  be  u s e f u l  t o  

r e c a l l  t h e  d i f f r a c t i o n  e q u a t i o n  

d = E + 2s in8  u . ( 5 9 )  - - -  2: 

Here 2, 2, and 2 a r e  u n i t  v e c t o r s  i n  t h e  d i r e c t i o n s  of t h e  

d i f f r a c t e d  beam, t h e  pr imary beam, and t h e  s c a t t e r i n g  v e c t o r ,  
- -  - 

r e s p e c t i v e l y .  Eva lua t ing  2 i n  t h e  l a b o r a t o r y  s y s t e m  w e  o b t a i n  - 
2 2 ( s i n  28 - 4 s i n  8 uw3 

Here dQ2 h a s  been d e r i v e d  from t h e  f a c t  t h a t  clQ makes an 

a n g l e  of 20 w i t h  gQ which is d i r e c t e d  a long  t h e  y a x i s .  The 

component dP3 is ob ta ined  from t h e  d i f f r a c t i o n  e q u a t i o n  ( 5 9 )  

remembering t h a t  pg3 = 0 and t h a t  uB3 = uw3. F i n a l l y  dpl is 

d e r i v e d  from t h e  requi rement  t h a t  5 d be a u n i t  v e c t o r .  - 
T h e  q u a n t i t y  t o  be computed is t h e  v a l u e  of t h e  c o u n t e r  

a n g l e ,  2eC, which makes d2e,1 = 0 .  We have 

d = s g d  -20 -C -C -I 

and 

d 2 0 , 1  = c 0 s 2 8 ~ d ~ ~  - s in20c  dQ2 = 0 

( 6  1) 

so  t h a t  
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= a t a n  (d d ) 
2eC 11' P 2  

and t h e  desired e x p r e s s i o n  is 

(63)  

28, = a t a n  [ ( s i n  2 2e - 4 s i n  2 e uw3 2, 1'2 , COS28 ] (64) 

The v e c t o r  u+ is ob ta ined  from t h e  t r i a l  parameters  and t h e  

$ and d i a l  s e t t i n g s :  

and t h e  Bragg a n g l e  8 is a g a i n  o b t a i n e d  from e q u a t i o n s  ( 1 7 )  

and ( 1 8 ) .  I t  is r e a d i l y  s e e n  t h a t  t h e  r e s u l t  r educes  t o  t h a t  

f o r  t y p e  1 i f  t h e  s c a t t e r i n g  v e c t o r  is h o r i z o n t a l  so t h a t  

u = 0.  w3 

Type 3 o b s e r v a t i o n s .  I t  is p o s s i b l e  t o  c e n t e r  t h e  

$d 
d i f f r a c t e d  beam v e r t i c a l l y  i n  t h e  c o u n t e r  by a d j u s t i n g  

provided  t h a t  ud is n o t  n e a r l y  + - 90°. L e t  t h e  va lue  of Sd 
f o r  t h i s  c o n d i t i o n  be t a k e n  as  an o b s e r v a t i o n .  

= 0 ,  and from e q u a t i o n s  z e , 3  
T h e  requi rement  is t h a t  d 

(60)  and (61 )  w e  see t h a t  t h i s  r educes  t o  uw3 = 0 .  Now 

-w u = x u  -c-f (66) 

and 

uw3 = - s i n Y c  "$1 + cos %c u $ 3  = o  

so t h a t  t h e  c a l c u l a t e d  a n g l e  is e i t h e r  

( 6 7 )  
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o r  

' = FC + 180°. ( 6 9 )  
% C  

Here 2 

d i a l  s e t t i n g :  

is o b t a i n e d  from t h e  t r i a l  parameters  and t h e  $ % 

I n  t h i s  case and i n  o t h e r s  t o  be d e s c r i b e d  below w e  have 

two wide ly  s e p a r a t e d  s o l u t i o n s  both  of which a r e  p h y s i c a l l y  

r e a s o n a b l e .  A s imple  computa t iona l  procedure  is t o  select 

t h e  r e s u l t  which is c l o s e s t  t o  t h e  o b s e r v a t i o n ,  adding o r  

s u b t r a c t i n g  360° i f  necessa ry  t o  make t h e  q u a n t i t i e s  compa- 

r a b l e .  The procedure  select  d e s c r i b e d  i n  t h e  Appendix pe r -  

forms t h i s  o p e r a t i o n .  

Type 4 o b s e r v a t i o n s .  Vertical  c e n t e r i n g  of t h e  d i f -  

f r a c t e d  beam can a l s o  be o b t a i n e d  by a d j u s t i n g  #d provided 

t h a t  wd is n o t  n e a r l y  0 or 180°. 

an o b s e r v a t i o n .  

L e t  t h i s  $d be t a k e n  a s  

Again t h e  requi rement  is t h a t  uw3 = 0 ,  b u t  Sd is known 

We have and $c is t o  be c a l c u l a t e d .  

and 

) + cos#d u (72) 3 1  + sin% 3 2  
- - - s i n F d ( c o s $ c  

$3 uw3 

Then t h e  e q u a t i o n  f o r  8, is 
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s i n s d  u$l cos$c + s i n % d  u$2 s i n q c  = cos#d u$3 (73) 

where 

q ) = C W & / q .  

Equat ion (73) is an e x p r e s s i o n  of t h e  form 

e cos 9, + f s i n  0, = g 

which has  s o l u t i o n s  

+ 
$ , = r ] - Y  

where 

r]  = a t a n  ( f  , e >  

2 2 1 / 2  y = a t a n [ ( e 2  + f - g , g ~ .  

(74) 

Again t h e  a p p r o p r i a t e  s o l u t i o n  is chosen by u s i n g  procedure  

select .  The two s o l u t i o n s  become complex or  e q u a l  i f  
2 e' + f 2  - g 6 0, b u t  t h i s  does  no t  occur  i f  t h e  type  of 

o b s e r v a t i o n  is chosen i n  a s e n s i b l e  way. An a lgo r i thm f o r  

t h e  s o l u t i o n  of an e q u a t i o n  of t h i s  form is g iven  i n  t h e  

Appendix a s  procedure  t r i g  eq .  -- 
Observa t ions  of t y p e s  5 and 6 .  Consider  t h e  obser -  

v a t i o n  t h a t  t h e  Bragg c o n d i t i o n  is s a t i s f i e d  so t h a t  t h e  

i n t e n s i t y  of t h e  r e f l e c t i o n  is maximized. I t  is impor tan t  

t o  n o t e  t h a t  t h i s  c o n d i t i o n  can be observed wi th  conf igu-  

r a t i o n s  o t h e r  t han  t h a t  of F ig .  l a  if t h e  c o u n t e r  a p e r t u r e  
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i s  l a r g e  enough. The requi rement  is o n l y  t h a t  t h e  s c a t t e r -  

i n g  v e c t o r  makes an ang le  of 90  + 8 w i t h  t h e  pr imary beam 

d i r e c t i o n ,  t h a t  is 

0 

- 

Now 

and 

up2 = - s i n D C  uwl + c 0 s D c  uW2 

so  t h a t  t h e  c o n d i t i o n  becomes 

u cos  vc - Uwl sin Dc = - s i n e .  w 2  

H e r e  & can be e v a l u a t e d  from t h e  t r i a l  parameters  and 

in s t rumen t  s e t t i n g s :  

(77) 

(78) 

(79) 

and 8 is c a l c u l a t e d  from e q u a t i o n s  ( 1 7 )  and ( 1 8 ) .  The 

procedure  t r i g  eq  can  t h e n  be used t o  o b t a i n  t w o  s o l u t i o n s  

f o r  vc. 
-- 

L e t  a t y p e  5 o b s e r v a t i o n  be t h e  v a l u e  of ud which 

e s t a b l i s h e s  t h e  Bragg c o n d i t i o n  when 28, is f i x e d .  

t h e  cor responding  c a l c u l a t e d  v a l u e  is 

Then 

W = .uc - 2ed/2 . 
C (81) 
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l L e t  a t ype  6 o b s e r v a t i o n  be t h e  v a l u e  of 2ed  which 

Then t h e  d '  es tabl ishes  t h e  Bragg c o n d i t i o n  for a g iven  w 

c a l c u l a t e d  q u a n t i t y  is 

2 6 C  = 2 (  zJc - W d ) .  (82) 

I n  each c a s e  there w i l l  be two computed v a l u e s  corre- 

sponding t o  t h e  t w o  s o l u t i o n s  f o r  Pc. T h e  procedure  select  

may be used t o  choose t h e  a p p r o p r i a t e  one. 

The a l g o r i t h m s  f o r  c a l c u l a t i n g  t h e  a n g l e s  cor responding  

t o  t h e  s i x  t y p e s  of o b s e r v a t i o n s  a r e  g iven  i n  t h e  Appendix 

as t h e  s i n g l e  r e a l  p rocedure  y c a l c .  

We have used three d i f f e r e n t  schemes f o r  making obser -  

v a t i o n s  f o r  l e a s t - s q u a r e s  r e f inemen t .  With a 4 - c i r c l e  d i f -  

fractometer it is p o s s i b l e  t o  vary ud t o  e s t a b l i s h  t h e  Bragg 

c o n d i t i o n  wh i l e  c e n t e r i n g  t h e  r e f l e c t i o n  v e r t i c a l l y  i n  t h e  

c o u n t e r  by a d j u s t i n g  gd o r  @d. The r e f l e c t i o n  can then  be 

c e n t e r e d  h o r i z o n t a l l y  by changing 2ed w h i l e  u s i n g  a compen- 

s a t i n g  ud motion t o  hold  t h e  c r y s t a l  f i x e d  i n  t h e  l a b o r a t o r y  

s y s t e m .  The r e s u l t i n g  s e t t i n g s  a r e  used a s  three obser -  

v a t i o n s  of t y p e s  2 ,  3 or  4,  and 5 ,  and bo th  t h e  ce l l  

pa rame te r s  and o r i e n t a t i o n  parameters  a r e  a d j u s t e d .  I n  

p r a c t i c e  it makes l i t t l e  d i f f e r e n c e  i f  t h e  26, measurement 

is used a s  a t y p e  1 o b s e r v a t i o n  rather t h a n  type  2 .  

Measurements of t h e  Bragg ang le  can  be used a s  t y p e  1 

o b s e r v a t i o n s  f o r  t h e  d e t e r m i n a t i o n  of ce l l  pa rame te r s .  Such 

o b s e r v a t i o n s  c o n t a i n  no in fo rma t ion  about  t h e  o r i e n t a t i o n  and 
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t h e  o r i e n t a t i o n  parameters  should  no t  be v a r i e d .  I n  x-ray 

work it is  d i f f i c u l t  t o  a s s i g n  an  e f f e c t i v e  v a l u e  t o  h u n l e s s  

t h e  a -double t  is r e s o l v e d .  For  t h e  most a c c u r a t e  work, 

t h e r e f o r e ,  t h e  o b s e r v a t i o n s  should  be l i m i t e d  t o  r e g i o n s  of 

h igh  Bragg a n g l e .  

Obse rva t ions  of t y p e  6 can be e x t r a c t e d  from t h e  o u t p u t  

d a t a  of any 3- o r  4-circle ins t rumen t  which records t h e  

i n t e n s i t y  p r o f i l e  f o r  a 8-28 scan .  For s e v e r a l  y e a r s  w e  have 

r o u t i n e l y  o b t a i n e d  such o b s e r v a t i o n s  from t h e  paper - tape  

o u t p u t  of ou r  3-circle neut ron  d i f f r a c t o m e t e r  and used them 

t o  improve t h e  c e l l  and o r i e n t a t i o n  parameters  f o r  subsequent  

a n g l e  c a l c u l a t i o n s .  

I n  p r i n c i p l e  it is p o s s i b l e  t o  i n c l u d e  i n  t h e  list of 

v a r i a b l e s  parameters  which measure t h e  s y s t e m a t i c  e r r o r s  of 

t h e  exper iment .  These would i n c l u d e  a n g u l a r  errors such as  

s c a l e  z e r o  c o r r e c t i o n s  o r  i n a c c u r a t e l y  d i r e c t e d  in s t rumen t  

s h a f t s  as w e l l  a s  d i sp lacement  e r r o r s  due t o  n o n - i n t e r s e c t i n g  

axes  o r  a poor ly  c e n t e r e d  sample. Although w e  have found the  

ad jus tment  of c e r t a i n  e r r o r  parameters  t o  be u s e f u l ,  w e  w i l l  

p r e s e n t  no f u r t h e r  d i s c u s s i o n  of t h e  method a t  t h i s  t i m e .  
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T a b l e  I .  Acceptable  se t s  of v a r i a b l e s  for t h e  r e f i n e -  

ment of o r i e n t a t i o n  l i s t e d  a s  a f u n c t i o n  of w l ,  %1, w 2 '  

F 2 ,  and $2 - $l. Values of 0 d e s i g n a t e  a n g l e s  w i t h i n  about  

4 5 O  of 0 or 180°, and v a l u e s  of 90 a r e  used f o r  a n g l e s  w i t h i n  

about  4 5 O  of -I: 90°. 

1 %1 w - - 
0 0 

0 9 0  

9 0  0 

9 0  9 0  

Two v a r i a b l e s  2 W 

w and p1 1 

0 
0 
0 
0 

9 0  
9 0  
9 0  
9 0  

0 
0 

9 0  
9 0  

0 
0 
0 
0 

9 0  
9 0  
9 0  
9 0  

312 9 2  - $1 T h i r d  v a r i a b l e  - 
0 0 
0 9 0  

9 0  0 
9 0  9 0  

0 0 
0 9 0  

9 0  0 
9 0  9 0  

0 0 or 9 0  
9 0  0 o r  9 0  

0 0 or 9 0  
9 0  0 o r  9 0  

0 0 
0 9 0  

9 0  0 
9 0  9 0  

0 0 
0 9 0  

9 0  0 
9 0  9 0  

IIThe t w o  o r i e n t i n g  r e f l e c t i o n s  a r e  p a r a l l e l  or n e a r l y  so.  

A d i f f e r e n t  p a i r  should  be chosen.  

*No i n s t rumen t  v a r i a b l e  is a v a i l a b l e  t o  a d j u s t  t h i s  v e c t o r  

i n  t h e  d e s i r e d  way. Another r e f l e c t i o n  or a n o t h e r  s e t t i n g  

of t h i s  r e f l e c t i o n  should  be used .  
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. 
APPENDIX 

. 

W e  p r e s e n t  here a l g o r i t h m s  f o r  s e v e r a l  of t h e  procedures  

which have been d e s c r i b e d .  The language used is Algol  60 

(see, f o r  example, Baumann, F e l i c i a n o ,  Bauer & Samelson, 1964) 

excep t  t h a t ,  fo l lowing  t h e  p receden t  of s e v e r a l  hardware 

r e p r e s e n t a t i o n s ,  an  a s t e r i s k  ( * )  is used t o  deno te  m u l t i p l i -  

c a t i o n .  

The fo l lowing  i d e n t i f i e r s  are assumed t o  be d e c l a r e d  f o r  

u s e  by t h e  a lgo r i thms .  Those names w i t h  dimensions r e p r e s e n t  

a r r a y s .  A l l  others d e s c r i b e  r e a l  v a r i a b l e s .  The  correspond-  

i n g  mathemat ica l  symbols which were used i n  t h e  t e x t  a r e  a l s o  

l i s ted .  

a [ l : 3 ]  i a 

i a l p h a [  1:3] Q 

Axia l  leng&hs of t h e  d i r e c t  
c e l l  i n  Angstrom u n i t s .  

I n t e r a x i a l  a n g l e s  of t h e  d i r e c t  
u n i t  c e l l  i n  deg rees .  

COSQ cosa [  1:3] 

s i n a [  1: 31 sincr 
i 

i 
Axial l e n g t h s  of t h e  e c i p r o c a l  bi ce l l  i n  r e c i p r o c a l  si ngstrom 

b [ l : 3 ]  

u n i t s .  

Cosine and s i n e  of t h e  i n t e r -  
a x i a l  a n g l e s  of t h e  r e c i p r o c a l  
c e l l .  

Mat r ix  which t r ans fo rms  a r e c i p -  
rocal l a t t i c e  v e c t o r  t o  t h e  
c r y s t a l  C a r t e s i a n  s y s t e m .  

cosb[  1 :3 ]  

s i n b [ l : 3 ]  s inp  

B B[ 1: 3 , l :  31 ‘c 
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t h e t a  

t w o  t h e t a  

omega 

c h i  

p h i  

two theta,\ 
omegan 

c h i n  
n=1,2,3 i 

ph in  1 
t w o  t h e t a  ca lc [ l :2 ]  

omega talc[ 1: 2 1  

c h i  calc[ 1: 2 J 

p h i  c a l c [  1 : 2 ]  

two t h e t a  d i a l  

omega d i a l  

c h i  d i a l  

p h i  d i a l  

C 

c a l c  [ 1: 2 3 

Chi d i a l [  1 : 3 , 1 : 3 ]  

circle 

d p h i [ 1 : 3 ]  

d c r y s t [ l : 3 ]  

d l a b [  1:3 J 

Ins t rument  a n g l e s  i n  d e g r e e s  as  
d e f i n e d  i n  t h e  t e x t .  

In s t rumen t  a n g l e s  i n  d e g r e e s  f o r  
r e f l e c t i o n s  used t o  d e f i n e  
o r i e n t a t i o n .  

C a l c u l a t e d  v a l u e s  of i n s t rumen t  
a n g l e s  i n  d e g r e e s  f o r  u s e  i n  
l e a s t - s q u a r e s  r e f inemen t  when 
it  is necessa ry  t o  d i s t i n g u i s h  
these from t h e  i d e a l  a n g l e s .  
Each a r r a y  c o n t a i n s  t w o  
p o s s i b l e  s o l u t i o n s  f o r  t h e  
a n g l e .  

Ins t rument  a n g l e  s e t t i n g s  i n  26d) 

d e g r e e s  a t  which an obser -  
v a t i o n  f o r  u s e  i n  l e a s t -  
s q u a r e s  r e f inemen t  is made. 

Q u a n t i t y  used i n  c a l c u l a t i n g  
r e c i p r o c a l  c e l l  pa rame te r s .  

Two p o s s i b l e  s o l u t i o n s  f o r  an  
a n g l e  i n  deg rees .  

Mat r ix  which t r a n s f o r m s  a v e c t o r  
from t h e  ch i -ax is  s y s t e m  t o  
t h e  omega-axis s y s t e m .  

lsd 

I n t e g r a l  m u l t i p l e  of 360  d e g r e e s .  

Unit  v e c t o r  i n  t h e  d i r e c t i o n  of 
t h e  d i f f r a c t e d  beam d e s c r i b e d  
i n  t h e  p h i - a x i s  s y s t e m ,  t h e  

t h e  l a b o r a t o r y  system, 
SC ") c r y s t a l  C a r t e s i a n  s y s t e m ,  or 
d 
-1 r e s p e c t i v e l y .  

c 



d e l t a  

e p s i l o n  

e t a  

gamma 

e 

f 

g 
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, g L  

A s m a l l  p o s i t i v e  number chosen 
t o  be s a f e l y  l a r g e r  t han  
expec ted  round-off e r r o r s .  

Y "> 

G- 

h 

5 

G[ 1: 3 ,1 :3  ] 

G i n v [ l : 3 , 1 : 3 ]  

h [ l : 3 ]  - 

h c r y s t [ l : 3 ]  

h p h i [ l : 3 ]  

hn 

hn p h i [ l : 3 ]  

H[ 1: 3 , l :  31 H 
5 

H- H i n v [ l : 3 , 1 : 3 ]  5 

% H p h i [ l : 3 , 1 : 3 ]  

hz r l :  3 h 
-0 

Q u a n t i t i e s  used i n  s o l v i n g  t h e  
t r i g o n o m e t r i c  e q u a t i o n .  

Known c o e f f i c i e n t s  i n  t h e  
t r i g o n o m e t r i c  equa t ion .  

Direct and r e c i p r o c a l  metric 
t e n s o r s .  

Rec ip roca l  l a t t i c e  v e c t o r  w i t h  
components e q u a l  t o  t h e  
i n d i c e s  of a r e f l e c t i o n .  

Vector & described i n  t h e  
c r y s t a l  C a r t e s i a n  and ph i -  
a x i s  s y s t e m s .  

Vector h f o r  r e f l e c t i o n s  used 
t o  de?ine o r i e n t a t i o n .  

Mat r ix  w i t h  v e c t o r s  - hn a s  its 
columns. 

Matr ix  w i t h  v e c t o r s  hn p h i  a s  
i t s  columns. 

I n d i c e s  of a r e f e r e n c e  
r e f l e c t i o n  used t o  d e f i n e  
zero of - p s i .  

Vector  of t h e  r e f e r e n c e  
r e f l e c t i o n  i n  p h i - a x i s  
s y s t e m .  
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lambda 

min d i f f  

minus p p h i [ l : 3 ]  

minus p c r y s t [  1 :3]  

nu ca l c [ l : 2 ]  

P h i  d i a l [ l : 3 , 1 : 3 ]  

p s i  

R[1: 3 , l :  3 ] 

R z  [I: 3 , l :  3 ] 

R e  t r a n s r l :  3 , l :  3 ] 

s i g n  

s i n  c h i  

s i n  t h e t a  

T r l :  3 , l :  3 ] 

h 

-9 -EC 

I n t e g e r s  used a s  i n d i c e s  i n  .cH) f o r  
s t a t e m e n t s .  

Wavelength i n  gngstrom u n i t s .  

Minimum d i f f e r e n c e  between 
observed  and c a l c u l a t e d  
a n g l e s .  

Unit  v e c t o r  i n  d i r e c t i o n  of t h e  
r e v e r s e  pr imary beam d e s c r i b e d  
i n  p h i - a x i s  s y s t e m  o r  c r y s t a l  
C a r t e s i a n  s y s t e m .  

Two c a l c u l a t e d  v a l u e s  fo r  v =  e + w .  

Matr ix  which t r ans fo rms  a v e c t o r  
f r o m  t h e  p h i - a x i s  system t o  
t h e  c h i - a x i s  s y s t e m .  

Azimuthal a n g l e  i n  d e g r e e s  a s  
d e f i n e d  i n  t h e  t e x t .  

Mat r ix  which r o t a t e s  a v e c t o r  
about  t h e  x - a x i s  by an  a n g l e  
p s i .  - 

Leagth of t h e  v e c t o r  & i n  - Angstrom units. 

Ins t rument  a n g l e  ma t r ix .  - R = R X Q .  --LI.-cI 

Matr ix  f o r  zero p s i .  - R 
-0 

R Transpose of m a t r i x  $. 
-0 

.c 

P l u s  o r  minus one. 

s i n $  

s in0 

c T Matr ix  w i t h  columns e q u a l  t o  u n i t  
v e c t o r s  forming a r igh t -handed  
o r thogona l  t r i p l e .  
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T c r y s t  t r a n s [ l : 3 , 1 : 3  1 
t n r l : 3 ] ,  n = 1 , 2 , 3  

u[ 1 :3,1:3] 

U t r a n s  [ 1 : 3 , l  : 31 

u [1 :3 ]  

u p h i [ l : 3 ]  

u c h i [ l : 3 ]  

u omega[l :3]  

un p h i [ l : 3 ] ,  n = 1 , 2  

Y 

y calc  

Matr ix  T r e f e r r e d  t o  t h e  
c r y s t a l  C a r t e s i a n  system and 

T t h e  p h i - a x i s  system, "1 -$ r e s p e c t i v e l y .  

T 
-C 

Uni t  v e c t o r s  forming a r i g h t -  
handed o r thogona l  t r i p l e .  

I n t e g e r  which d e f i n e s  t h e  type  
of measurement made f o r  least-  
s q u a r e s  re f inement .  See t e x t .  

U O r i e n t a t i o n  m a t r i x  which t r a n s -  
forms a vec to r  from t h e  
c r y s t a l  C a r t e s i a n  s y s t e m  t o  
t h e  p h i - a x i s  s y s t e m .  

U Transpose of ma t r ix  2.  

4. 

-c. 

4 

Genera l  u n i t  v e c t o r .  

Unit  v e c t o r  i n  t h e  s c a t t e r i n g  
d i r e c t i o n  d e s c r i b e d  i n  t h e  
phi - ,  c h i - ,  o r  omega-axis 
systems.  

U -w 

Unit v e c t o r s  cor responding  t o  
r e f l e c t i o n s  used t o  d e f i n e  
t h e  o r i e n t a t i o n .  

Genera l  v e c t o r s .  

Two v e c t o r s  used t o  d e f i n e  a 
u n i t  v e c t o r  t r i p l e .  

Arguments f o r  a t a n ( y , x )  . 

C a l c u l a t e d  q u a n t i t y  correspond-  
i n g  t o  an  o b s e r v a t i o n  f o r  
l e a s t - s q u a r e s  r e f inemen t .  

y obs  Observed q u a n t i t y  f o r  l eas t -  
s q u a r e s  r e f inemen t .  
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Procedures .  

T h e  f o l l o w i n g  procedures  a r e  d e f i n e d  for use  by t h e  

a lgo r i thms .  A l l  m a t r i c e s  and v e c t o r s  have dimensions 

M [ 1 : 3 , 1 : 3 ]  and v [ l : 3 ] ,  r e s p e c t i v e l y .  

a c o s ( x )  

a r c t a n ( x )  

a s i n ( x )  

Given x, compute CY i n  d e g r e e s  0 so 
t h a t  x = COSCY. 0 \< CY 6 180 . 

Given x, compute CY i n  deg rees  so 
t h a t  x = t a n a .  -90° < CY < g o 0 .  

Given x ,  compute CY i nodegrees  so 
t h a t  x = sincu. -90 < CY 6 90°. 

columns(vl ,  v2, v3, M) Given v e c t o r s  v l ,  v2, and v3, s t o r e  
them a s  columns 1 , 2 ,  and 3 ,  
r e s p e c t i v e l y ,  of t h e  m a t r i x  EA. 

c o n s t r a i n  

set j and k 

S e t  those c e l l  pa rame te r s  chosen as  
dependent v a r i a b l e s  i n  t e r m s  of 
those chosen a s  independent  i n  
o r d e r  t o  ma in ta in  t h e  c r y s t a l  
symmet ry  i n  a l e a s t - s q u a r e s  
r e f inemen t .  

Given an a n g l e  CY i n  deg rees ,  compute 
its c o s i n e .  

Given a m a t r i x  M, compute i ts  
i n v e r s e ,  M i n v .  

Given m a t r i c e s  X and Y ,  compute t h e  
p roduc t  m a t r i x  Z = XY. 

Given m a t r i x  X and v e c t o r  y ,  compute 
t h e  p roduc t  v e c t o r  z = Xy. 

A Boolean procedure  t h e  v a l u e  Of 
which is t r u e  i f  t h e  computed 
a n g l e  s e t t i n g s  a r e  no t  a c c e s s i b l e  
t o  t h e  d i f f r a c t o m e t e r .  

- 
Given i = 1, 2 ,  or 3,  set j = 

mod(i ,3)  + 1 and k = mod(j ,3)  + 1 
where mod(n,m) is t h e  remainder  of 
n/m. 

sin(Qu) Given CY i n  deg rees ,  compute i ts  s i n e .  
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transpose(M,M t r a n s )  Given matr ix  M, store i ts  t r anspose ,  
M t r a n s .  

u n i t ( v , u )  Given a non-null  v e c t o r  v ,  compute 
v e c t o r  u,  a u n i t  v e c t o r  p a r a l l e l  
t o  v. 

Given an  a n g l e  (Y i n  degrees, s tore  
t h e  matr ix  M which ro t a t e s  about  
t h e  x-, y-, or z-axis ,  r e spec t ive ly ,  
i n  t h e  s e n s e  d e f i n e d  by e q u a t i o n s  
(461, ( 9 ) ,  and (8). 

For s i m p l i c i t y  w e  have omi t ted  tes ts  f o r  c o n d i t i o n s  

which l e a d  t o  a t tempted  d i v i s i o n  by zero or which r e s u l t  i n  a 

n e g a t i v e  r ad icand .  I t  is l e f t  t o  t h e  user t o  de te rmine  t h e  

best way t o  t rea t  such s i t u a t i o n s .  
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procedure generate  B; - 
cement Given the d i r e c t  c e l l  parameters a and alpha, - - 

compute the matr ix  B which t ransforms a vec tor  from 

the r e c i p r o c a l  l a t t i c e  system t o  the c r y s t a l  

Car tes ian  system; 

- 

f o r  i : = l , 2 , 3  do 
rn yvr/rrr 

b e g i n  
M 

coSa [i] : =cos(alpha t i]  ); 

s i n a  [iJ : =sin(a lpha  [iJ ) 

end; 
m 

c:=sqrt(l-cosa[iJt2-cosa[2Jt2-cosa / 3 j t 2  

+2*cosa [1j *cosa C23 *cosa [3j ); 

f o r  i:=1,2,3 do 
v\nM vvu 

begin - 
set  j and k; 

b [iJ : =sina [i] / (a  [i] *c ); 

cosb [i] : =( cosa [j] *eosa [k] -cosa [i] ) 

/( s i n a  [j] *sina [k] ); 

s inb  [i] : =sqrt (1 -cosb [i] T 2  ) 

end; 
v\lvw 

B [1,1J :=b [l] ; 

B [ 2 , 1 ]  :=O; 

B [3,1] : 4; 

B [ I ,  21 : =b [2] *coSb [3] ; 

B k I 21 : =b [2] * s inb  [3] j 
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Drocedure generate  UB; 

comment 
- 

Given t h e  matr ix  B and the ind ices  and angle  - - 
s e t t i n g s  h l ,  - phi1  -’- c h i l ,  omegal, - h2, phi2, chi2, 

and omega2 f o r  the primary and secondary o r i e n t i n g  

r e f l e c t i o n s ,  r e spec t ive ly ,  compute the  matr ix  UB 

which transforms a vec tor  from the r e c i p r o c a l  l a t t i c e  

system t o  the phi-axis system; 

b e g i n  
w 

Mv(B,hl,hl c r y s t ) ;  

Mv(B,h2,h2 c r y s t  ); 

compute u phi(omegal ,chi l ,phi l ,ul  phi) ;  

comput e u ph i  ( ome ga2, chi2, phi2, u2 p h i  ; 

t r i p l e ( h 1  cryst ,h2 c rys t ,T  c r y s t  1; 
t r i p l e  (u l  phi,u2 phi ,T  phi  1; 
t ranspose ( T  c r y s t ,  T c r y s t  t r a n s  1; 
MM(T phi ,T  c r y s t  t rans ,U);  

PPI  ( U. B , Ul3 

end 
yvw’ 

. 
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genera te  UB from three r e f l e c t i o n s ;  

comment Given the instrument angles  and i n d i c e s  f o r  - 
three r e f l e c t i o n s ,  compute the matrix UB - which 

transforms a vec tor  from the r e c i p r o c a l  l a t t i c e  

system t o  the phi-axis system; 

b e g i n  - 
comDute h p h i  (two thetal ,  omega1 , c h i 1  , P h i l ,  h l  ph i  1; 
compute h phi(two theta2,omegaZ,chi2,phi2,hZ p h i  ); 

comr2ute h p h i  (two the ta3 ,  omega3, chi3,phi3,  h3 phi  >; 

columns ( h l  ph i ,  h2 phi ,  h3 phi ,  H ph i  >; 

columns ( h l  , h2, h3, H ) ; 

i n v e r t  ( H, H i n v  ); 

MM(H phi,H inv,UB) 

end; 
MRNV 

procedure compute c e l l  parameters from ITB; 

comment Given the matrix UB - which t ransforms a vec tor  
v - 

from the r e c i p r o c a l  l a t t i c e  system t o  the phi -ax is  

system, compute the c e l l  parameters - a and alpha; 

begin 
M 

t ranspose ( UB,UB t r a n s  1; 
MM(UB t r a n s ,  UB,G i n v  >; 

i n v e r t  ( G  inv,  G >; 

f o r  i : = 1 , 2 , 3  do 
w w 

8 [i] :=sqrt(G[i,i] ); 
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for i:=1,2,3 do 
w R/w 

begin - 
set  j and k; 

alpha [i] : =ac o s ( G [ j , k] /( a [J] *a [k] ) ) 

end 
vvvw 

end; w 

qrocedure compute u phi(omega, ch i ,ph i ,u  p h i  ); 

r e a l  omega, chi,=; 
I__._ -- - - 

comment Given instrument angles  omega, ch i ,  - -  - 
and phi, compute u phi ,  the uni t  s c a t t e r i n g  

vector  i n  the phi-axis system; 

be g i n  
w 

u p h i  [I] : =cos (omega )+cos ( c h i  )*cos (ph i  ) 

- s in(  ome ga )*sin( p h i  ) j 

u phi  [ Z ]  : =cos (omega )*cos ( c h i  )*sin(phi ) 

-s in(  ome ga )*cos (ph i  1; 
u p h i  [3] :=cos(omega)*sin(chi) 

end;  
yvvyy 

. 
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p m  compute h phi(two theta,omega,chi,phi,h ______- p h i ) ;  

r e a l  two theta,omega,chi,phi; --- 
vv/4-,v 

h ph i ;  

comment Given instrument  angles  two theta,  omega, --. c h i ,  

and phi ,  - compute h ph i ,  the s c a t t e r i n g  vec tor  i n  the 

phi-axis  system; 

compute u nhi(omega,chi,phi,u Phi  1; 
g :  =2*s in(  two theta/2 )/lambda; 

f o r  i :=1,2,3 do 
\EJ\N w 

h ph i  [i] :=qW phi  [i] 

end;  - 
p m  angles  f o r  b i s e c t i n g  p o s i t i o n ;  

comment Given the matrix - UB and the i n d i c e s  & of a - 
r e f l e c t i o n ,  compute the s e t t i n g  angles  - -  phi,  ch i ,  

and two theta for an omega of zero; 

Mv(UB,h,h ph i  1; 
p h i : a t a n ( h  p h i  [2] ,h  ph i  [I] ); 

chi:=.atan(h ph i  [3] ,sqrt(h ph i  [1]?2+h p h i  [ 2 ] ? 2 ) ) ;  

. 

omega: =O; 

compute two t h e t a  

end; 
v\n/2n 

8 
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procedure angles  f o r  para l le l  pos i t i on ;  
I_---.-- - 

c omment - Given the matrix UB and - the i n d i c e s  h of a - 

r e f l e c t i o n ,  compute the s e t t i n g  angles  Phi ,  Omega, - 
and two theta,  

Mv(UB,h,h ph i  >; 

f o r  a c h i  of 90 degrees; - 

obi: =atan(h p h i  [l] , -h ph i  [ 2 ]  ); 

chi : =9O ; 

omega:Patan(-sqrt(h p h i  [l] f'2fh ph i  [2J f'2 ),h p h i  [33 1; 
compute two t h e t a  

end; 
vvvw 

procedure angles  f o r  s p e c i f i e d  p s i ;  - 
comment Given the matrix UB, the i n d i c e s  h of a - - - 

r e f l e c t i o n ,  the desired azimuthal angle ps i ,  and 

the i n d i c e s  hz of a r e fe rence  r e f l e c t i o n  used t o  

- 
- 

def ine  psi=O, compute the s e t t i n g  angles  ph i ,  c h i ,  

omega, and two t h e t a ;  

begin  - 
Mv(UB,h,h phi  ); 

compute two theta;  

Mv(UB,hz,hz p h i  >; 

t r i p l e ( h  phi ,hz phi,Rz t r a n s  >; 

t ransoose (Rz t r a n s ,  Rz ); 

x r o t ( n s i , P s i ) ;  

MM(Psi,Rz,R); 



-48- 

chi :=atan(sin chi,R[3,3] 1; 
12 s i n  c h i > e p s i l o n  t& 

phi:  - a t an (  -R [3,2] , -R [3,1] 1; 
ornega:-atan(-R[2,3] ,R[1,3] ) 

else - 
phi :  =atan(  -R [I, 11 , R  [l, 21 >; 

omega: =90 

end; w 

i f  out of range then  vw vvvvv\ 

begin 
v-4&uwu 

phi:  =180+phi; 

omega: =180+omega 

* 

end 
\/\h/vv 

end; 
VVJIR 
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procedure compute two theta; 

comment Given h phi ,  t h e  s c a t t e r i n g  vec tor  i n  a 
- - 

Car te s i an  system, compute the idea l  counter s e t t i n g  

two theta;  

two theta: =2*asin( lambda*sqrt (h  p h i  [l] ?2+h p h i  [2] t 2  

+h p h i  C31 't2 )/2 ) 

procedure - absorp t ion  vec tors  i n  ph i  system; 

comment Given the instrument angles  two theta, omega, - 
chi ,  and phi ,  generate  two u n i t  vec to r s  i n  the phi-axis  - - 
system, minus p phi and d phi, para l le l  t o  the reverse 

primary beam and t o  the d i f f r a c t e d  bean, r e spec t ive ly ;  

b e g i n  - 
absorp t ion  vector(1,minus p phi ) ;  

absorp t ion  vec tor (  -1,d p h i )  

end; 
vvvv\ 

procedure absorp t ion  vec to r s  -.---__I i n  c r y s t a l  - -."-I system; - 
c o m e n t  - Given the o r i e n t a t i o n  matrix - U and the i n s t r u -  

merit angles  two t h e t a ,  omega, ch i ,  and - ph i ,  generate  -~ 
two u n i t  vec tors  i n  the c r y s t a l  Car tes ian  system, 

minus p c r y s t  and d c r y s t ,  para l le l  t o  the  r eve r se  

vrirnary beam and t o  the  d i f f r a c t e d  beam, r e spec t ive ly ;  
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begin 
w 

abso rp t ion  v e c t o r s  i n  p h i  system; 

t ranspose(  U,U t r a n s  ); 

Mv(U trans,minus p phi,minus p c r y s t ) ;  

Mv(U t r ans ,d  phi ,d  c r y s t )  

end; m 

absorp t ion  vec tor  ( s ign ,  v p h i  >; 

r e a l  s i g ~ ;  
w- 

e- Given the instrument  angles  two theta, omega, 

- chi ,  and phi,  - generate  a uni t  vec tor  i n  the phi-axis  

system para l le l  t o  the r eve r se  primary beam o r  t o  the 

d i f f r a c t e d  beam according t o  whether s i g n  i s  plus one 

o r  minus one, r e spec t ive ly ;  

delta:  =two theta/Z+sign*omegai 

v ph i  [l] :sin(delta)*cos(chi)*cos(phi) 

-ts ign*cos ( d e l t a  )*sin ( p h i  ) i 

v p h i  [Z]  :=sin(delta)*cos(chi)*sin(phi) 

-s ign*cos(del ta  )*cos(phi >; 

v p h i  [3] : = s i n ( d e l t a ) * s i n ( c h i )  

C 
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c o m e n t  Given an observa t ion  y obs of a s p e c i f i e d  
w 

. 

type  on a r e f l e c t i o n  w i t h  i n d i c e s  h, and given the 

c e l l  parameters and wavelength a, alpha, and lambda 
- 

- 

and the o r i e n t a t i o n  information h l ,  p h i l ,  ch i l ,  

omegal, h2, phi2, chi2, and omega2, compute y c a l c  

corresponding t o  t h i s  observation. For some types 

- - -  
- - -  

of  measurements the instrument d i a l  s e t t i n g s ,  two 

t h e t a  d i a l ,  omega d i a l ,  c h i  d i a l ,  and p h i  d i a l ,  a t  

which the observa t ion  was made are a l s o  requi red ;  

t h e t a  d i a l ,  omega d i a l ,  c h i  d i a l ,  and p h i  d i a l ,  a t  

which the observa t ion  was made are a l s o  requi red ;  

begin  
iAAnAAA 

cons t ra in ;  

generate  B; 

Mv(B,h,h c r y s t  1; 
s i n  theta: =lambda*sqrt (h c r y s t  [ll T2fh c r y s t  [ZJ TZ 

theta: =asin( s i n  theta);  

if type=1 then  
w w 

type 1: 

begin 
w 

y obs:=two theta d i a l ;  

two theta  c a l c  [I] :=Z*theta; 

two t h e t a  ca l c  [2] : =-2*theta; 

y ca lc :=se lec t ( two t h e t a  c a l c  ); 

go t o  END 
w- 
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not  type 1: 

. 

genera te  UB; 

Mv(UB,h,h p h i  >; 

u n i t ( h  phi,u p h i ) ;  

i f  /w type=4 then  

type 4: 

begin 
7 

y obs:=phi d i a l ;  

t r i g  eq( s i n (  c h i  d i a l  >.U phi  [I] , s i n (  c h i  d i a l  > 
*u p h i  [2], cos ( c h i  d i a l  >.U ph i  [3]  , 
phi  c a l c ) ;  

y ca l c :=se l ec t (ph i  c a l c  1; 

no t  type 1 o r  4: 

z r o t ( p h i  dia1,Phi  d i a l ) ;  

Mv(Phi dia1,u phi,u c h i ) ;  

i - t y p e = 3  t a  

type 3: 

y obs:=chi d i a l ;  

c h i  c a l c  [l]  :=atan(u c h i  [3] ,u c h i  [I] >; 

c h i  c a l c  [Z ]  :=18O+chi c a l c  [I] ; 

y ca l c :  =se l ec t  ( c h i  c a l c  >; 

end; 
w 
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not  type 1 o r  3 o r  4: 

t 

y r o t (  c h i  dia1,Chi d i a l  ); 

Mv(Chi d ia1 ,u  ch i ,u  omega); 

trig e q ( u  omega [Z] , -u omega (13 , - s in  the t a ,nu  c a l c  1; 
if type=5 then  
0J-U - 

type 5: 

y obs:=omega d i a l ;  

omega c a l c  [I] : =nu c a l c  [I] -two t h e t a  dial/Z; 

omega c a l c  [Z] : =nu c a l c  [Z] -two theta d ia l /2 ;  

y ca l c :  =se l ec t  (omega c a l c  ); 

go t o  END 
VVchMN 

end; - 
i f  t ype& t hen  
VvV L-AnAjd 

t y p e  6: 

y obs:=two theta dial ;  

two theta  c a l c  [l] :=2*(nu c a l c  111 -omega d i a l ) ;  

two t h e t a  c a l c  [Z] : =Z*(nu c a l c  [Z] -omega d i a l  ); 

y ca lc :=se lec t ( two the ta  c a l c ) ;  

go to END w 
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i f  type=2 then  
b-vvb-d 

type 2: 

y obs:=two theta d i a l ;  

d l a b  [l] : =sqrt ( ( s i n (  2 *theta ) 

-( 2% omega [3] *s in  theta  I t 2  >; 
d l a b  [2] :=cos(Z*theta);  

two t h e t a  c a l c  [l] :=atan(d l a b  [l] , d  l a b  121 1; 
two t h e t a  c a l c  [2] :=-two theta  c a l c  [I] ; 

y ca l c :=se l ec t ( two  t h e t a  c a l c )  

end; - 
END:end; 

o A 4 A  

a t  an ( y, x ) j 

r e a l  y x- L' 

comment Given x and x, the components of a - 
two-dimensional vec tor ,  compute the angle  i n  degrees 

subtended by the vec tor  

i f  y 4  and x=O then  
w VVW w 

a tan :  =O ; 

and the x axis. 

go t o  END - 
end; 
w 

. 
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a 

i f  a b s ( y ) < a b s ( x )  then - w 

a tan :=arc tan(abs(y /x) )  

e l s e  
nfvvvw 

atan:  =90-arctan( abs (x/y ) ); 

i f  x<O then 
w - 

atan: =180-atan; 

j.f' y < O  then 
vw w 

atan:  =-atan; 

END: end ; 
uvvv 

procedure t r i g  e q ( e , f ,  g, c a l c  ); 

r e a l  e,f ,g;  
w 

comment Given the real  va r i ab le s  e ,  f ,  and g, solve - - -  - 
the  equat ion  e+cos ( c a l c  )+f *s in(  c a l c  )=g. 

s o l u t i o n s  a re  s to red  a t  ca l c [ l ]  and c a l c / 2 ] ;  

The two 

b e g in  
w 

e t a :  =atan(f ,e  ); 

gamma: =atan( sqrt ( e t ~ + f t 2  -gt2 ), g 1; 
talc (11 :=eta+gamma; 

ca l c  [2] :=eta-gamma 

end; 
VVVI) 
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r e a l  procedure s e l e c t  ( c a l c  ); 

comment Given two ca l cu la t ed  angles  c a l c  [I] and 
Y 

c a l c  [2] choose the one which i s  c l o s e s t  t o  y obs, 

adding o r  s u b t r a c t i n g  f u l l  c i r c l e s  i f  necessary; 

min diff :=180;  

f o r  i:=1,2 do u - 
f o r  c i r c l e :  -720 360 u n t i l  720 VVJ do v\/w w 

if YrN abs(ca1c [ i ]+c i r c l e -y  obs)<min d i f f  t hen  u 

begin - 
min d i f f  :=abs(calc [ i l f c i r c l e - y  obs ); 

s e l e c t  :=talc [il + c i r c l e  

8 

end; 
r/vvr/ 

c 
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procedure normal ( v, w, u 1; w 

a r r a y  v,w,u; - 
comment Given two vec to r s  v and w, generate  a u n i t  - - - 

vector  - u perpendicular  t o  them i n  the d i r e c t i o n  of 

p m e  triple ( v l  , v2, T ); 

a r r a y  vl,v2,T; 

c- 

Y 

Given t h e  vec to r s  - v l  and - v2, generate  the 

matrix - T w i t h  columns equal  t o  the orthogonal unit 

vec to r s  tl, t 2 ,  and t 3  - which form a right-handed 

system chosen s o  that  - tl i s  p a r a l l e l  t o  ~ 1 ,  t2 l i e s  
- -  

i n  the p lane  of v l  - and v2, - and - t 3  i s  perpendicular  

t o  t h a t  plane;  

be g in  - 
u n i t ( v 1 , t l ) ;  

n o r m a l ( v l , v ~ , t 3  1; 
normal(t3, ti, t 2  >; 

columns(t1, t Z , t 3 , T )  

end;  
w 
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ORNL-DWG 65-.11!62R 

I 

h 

ORNL- DWG 65-11163R 

F i g u r e  1. Schematic r e p r e s e n t a t i o n  of a 4-circle 
d i f f r a c t o m e t e r .  

a .  The c o n f i g u r a t i o n  when each i n s t r u -  
ment ang le  has  a va lue  i n  t h e  f irst  
quadran t .  

t o  z e r o .  T h e  c o o r d i n a t e  axes  a r e  
t h o s e  of t h e  $-axis ,  
8 -ax i s ,  28-axisY and l a b o r a t o r y  
s y s t e m s  which a r e  a l l  c o i n c i d e n t  
under these c o n d i t i o n s .  

b. The in s t rumen t  w i t h  a l l  a n g l e s  set 

$-axis ,  w-axis, 
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